INTRODUCTION
The mechanical design of naval propulsion nuclear reactors for dynamic imposed loading must take into account fluidstructure interaction phenomena. A global R& D approach has been developed by DCN Propulsion for industrial applications. In a first step, numerical simulation techniques for the coupled fluid-structure problem were investigated [1] . A second step is now undertaken within a collaborative research program between DCN PROPULSION and LABORATOIRE DE THER-MOCINÉTIQUE DE NANTES in order to study the fluid forces acting on a moving body and to describe the physical phenomena occurring in the fluid domain. The topic of this collaboration is centered on a cylinder impulse in cylindrical confinement. The inner cylinder is subjected to an impulsive motion which corresponds to an unique sinusodal period of acceleration and is then 
where e(t) is the inner cylinder displacement, T 0 is the shock duration, ω 0 is the pulsation defined by ω 0 = 2π/T 0 . The Figure 1 presents the normalized accelerationë(t)/ë MAX , the normalized velocityė(t)/ė MAX and the normalized displacement e(t)/e MAX in function of the dimensionless time t * defined by t * = t/T 0 : Figure 1 . Normalized acceleration, velocity and displacement. -
e(t)/ë MAX ; ---ė(t)/ė MAX ; . . . e(t)/e MAX .
The system can be characterized by at least three dimensionless numbers, the Stokes number, the Keulegan-Carpenter number and the confinement ratio α:
where D 1 and D 2 are respectively the diameters of the inner and the outer cylinder, R 1 and R 2 their radius and ν the kinematic viscosity. The Stokes number compares the viscous diffusion time D 2 1 /ν to the impulse time T 0 . The Keulegan-Carpenter number compares the maximum displacement of the cylinder with its diameters and the ratio α quantifies the geometrical confinement. Another dimensionless number ξ will be used in this paper:
It allows to quantify the inner cylinder displacement in regards to the radial clearance.
Complex phenomena can potentially arise in this system, like boundary layer separations [2] due to large amplitude motions of the inner cylinder, three dimensional instabilities [3] or cavitation. Here the problem is assumed two dimensional and only low Keulegan-Carpenter numbers are considered. Then, separation mechanisms are not expected to occur. Furthemore three dimensional instabilities are not present. By taking into account these assumptions, there remain two phenomena being able to appear in this problem, the confinement and viscous effect. Then, the first part of this paper is interested by the effect of confinement in inviscid fluid. In a second paper, the problem of viscous flow in infinite domain is tackled. For each of the two problems, an analytical formulation of fluid forces is proposed and compared with numerical simulation.
The numerical code [4] is based on a second-order finite volume discretization scheme. The Navier-Stokes equations are written in their general conservative form [5] with an arbitrary lagrangian eulerian formulation [6] . Hence moving boundaries can be taken into account. The PISO algorithm [7] is used to handle the coupling between pressure and velocity. The computational domain used for the numerical simulations is represented in Figure 2 for the infinite case. This domain is divided into three regions: an upstream region (at the left hand side of the domain), a downstream region (at the left hand side of the domain) constituted with large square cells and a square region (in middle of the computational domain) with a refined mesh close to the cylinder wall. This last is composed of four parts surrounding an annular space. When the inner cylinder is in motion, only the annular space of the computational domain is deformed. For the confined case, only the annular space is kept. The numerical code was validated for a Dirac acceleration in a previous paper [8] . 
INVISCID PROBLEM IN CONFINED FLOWS 2.1 Problem formulation
In this part, a rapidly moving circular cylinder in a annular fluid region is considered. One of the most currently used model available in the literature related to this geometry is the Fritz one [9] , where the following assumptions are made: the flow is two-dimensional, incompressible, inviscid and initially at rest. Moreover, the displacement e(t) imposed to the inner cylinder is supposed very small compared to its radius (e(t)/R 1 << 1). Hence advection terms and geometrical deformations are also neglected. In this part, quite large displacements are considered, so that the advection term and the geometrical deformation have to be taken into account. However the inner cylinder displacement is assumed sufficiently small so that no separation occurs and rapid enough to produce boundary layers [10] whose thickness are much thinner than the radial clearance ( √ νT 0 << R 2 − R 1 ) Figure 3 . Geometrical configuration. [11, 12] . The problem is formulated as a boundary-perturbation problem [13] for the velocity potential and a regular expansion is used to solve it up to the second order. The integrated forces are then given and compared with those obtained from a CFD code [4] based on a finite-volume discretization on a moving mesh. Another way of thinking large displacements effects can be found in [14, 15] . Since the flow is assumed inviscid, the Navier-Stokes equations governing the fluid dynamics are reduced to:
The fluid is also assumed initially irrotational, so it remains irrotational at latter times and there exists a function Φ, called the velocity potential, such that u = ∇Φ. Using the continuity equation Eqn. (5), it comes that Φ satisfies the Laplace equation in the fluid domain:
This derivation is classical and can be found in all fluid dynamics books [16] . Since the fluid is assumed inviscid, only the normal component of the velocity has to be conserved on the solid boundaries. For the geometry of interest in this paper and given in Fig. 3 , the boundary conditions in term of velocity potentiel are:
∇Φ · e r = 0 on the fixed outer cylinder (7) ∇Φ · n =ė(t)e x · n on the moving inner cylinder (8) In order to make this problem analytically tractable, the inner cylinder position and the unit outward normal n have to be expressed in explicit terms in Eqn. (8) . By considering the triangle OO A in Fig. 3 , it is straightforward to find that the inner circular cylinder position r c satisfies the following relation:
Since we are interested by motions of the inner cylinder much smaller than its radius, the physical solution of Eqn. (9) is:
This is the polar equation of the inner cylinder C (t). Expanding the square root in terms of series gives
which always converges for |e(t)/R 1 | < 1. Thanks to this formula, we define approximate positions of the inner cylinder:
The boundary condition Eqn. (8) will be expressed thanks to this formula. r 0 is used in the Fritz model [9] and is the leading order approximation of Eqn. (11) . r 1 and r 2 , respectivily the first and second order approximations of Eqn. (11), will be used to locate C (t) in the first order and second order models. It is also of interest to write in explict terms the unit outward normal n on the moving inner cylinder. We consider for this the parametric curve Ψ of C (t) which is defined by:
where O is the centre of the outer cylinder. The unit tangent T to C (t) at the position θ is given by:
where Ψ (θ) and Ψ (θ) can be written:
and where the prime denotes derivative according to θ. The unit normal n which is orthogonal to T can then be evaluated thanks to Eqns. (12) (13) (14) (15) (16) (17) . Its truncation at the leading, first and second 3 orders are respectively:
(R 1 cos θ + e(t) cos 2θ) e x (20)
In order to evaluate the fluid forces on the inner cylinder, the knowledge of nds is also required. ds is an infinitesimal element of the curviligne abscissa of C (t) and is given by the formula:
Hence the expression of nds can be directly deduced from Eqns. (19, 20, 21) . It is now convenient to rewrite the system governing the velocity potential Eqns. (6, 7, 8) in polar coordinates:
on the boundaries. Hence the system of equations to solve is a laplacian with Neumann boundary condition on the outer cylinder. A difficulty arises from the boundary condition on the inner cylinder since r c and n are functions of θ and t. Since there is no differentiation with time in this system, t is only a parameter. Equation (25) is seen as the extreme boundary condition in the following family of boundary conditions:
where r n (θ) takes the form:
and satisfies:
The perturbation parameter ε is in our case e(t)/R 1 and the coefficients A p can be identified by considering Eqn. (11) . Performing a Taylor expansion of Eqn. (25) about R 1 and using the decomposition Eqn. (27) allow to turn the original problem into an equivalent one. We can now divide the problem into a sequence of problems where we can separately find the functions Φ 0 , Φ 1 ,
If the perturbation parameter is sufficiently small, the serie will converge rapidly and few terms will be sufficient to provide a good approximation of the solution. In this paper, only the main order Φ 0 , first order Φ 1 and second order Φ 2 approximations are found. Hence the solution is expected to be valid in cases where (e(t)/R 1 ) 3 << 1. Once the velocity potential is found, the pressure is obtained thanks to the Bernoulli equation [16] :
where C is a constant available in the whole fluid domain. Since the flow is assumed inviscid, integrated fluid forces on the moving inner circular cylinder are given by:
whereĪ is the identity matrix. In the next section, the problem is analytically solved at the leading, first and second orders. 25) and by using the leading, first and second order approximations of r c and n given respectively by Eqns. (12, 13, 14) and Eqns. (19, 20, 21) . For the leading-order approximation it gives:
Leading, first and second order resolutions
Hence, the leading-order problem consists in solving a Laplacian with Neumann boundary conditions in an annular geometry. It has been already solved by Fritz [9] by the method of separation of variables, which results in:
The knowledge of Φ 0 allows us to write the first-order boundary condition on the inner cylinder thanks to Taylor series expansion at r = R 1 in explicit terms:
The first order problem consists also in solving a Laplace equation in an annular fluid region with Neumann boundary condi-tions. With the method of separation of variable, the solution is found:
Once again, the knowledge of Φ 0 and Φ 1 allow us to express the second order approximation boundary condition on the inner cylinder thanks to Taylor series expansion. After some manipulations it takes the form:
Hence the second order problem is again a Laplace equation with Neumann boundary conditions and the solution can be written:
The leading, first and second order approximations of the pressure field in the fluid domain can then be deduced thanks to the Bernoulli equation Eqn.(30). By evaluating the obtained pressure fields on the inner cylinder position r = r c using Taylor series expansion around r = R 1 , and by integrating thanks to the formulae Eqns.(31,19,20,21), the integrated pressure forces can be obtained. Only the components in the e x -direction non zero. The leading order expression is
which is exactly the Fritz model expression [9] . Since it is in proportion with the acceleration, it consists only in an added mass effect. For an infinite fluid domain (α → ∞) it reduces to ϕ 0 (t) = −ρπR 2 1ë (t) which is the well-known fluid displaced effect. The first order approximation is given by
A new term has appeared in the right hand side of the above formula. It can be inferred that the advection term which does not influence the fluid force at the leading-order, modify the integrated pressure force at the first order. The second order expression can be written after some manipulations
A new term appears again. It can be seen as a non linear rectification of the added mass coefficient. Validity and limits of these fluid forces expressions are compared with numerical simulation results in the next section.
Comparaison of the results with numerical simulations
The inviscid analytical model is only tested on its ability to take advection and geometrical deformation effects into account. Introduction of the fluid viscosity is the topic of a work currently in progress so it will not be considered here. In order to compare the results issued from numerical simulations with the simple models developped here, the motion given in Equation Eqn. (1) is imposed to the inner cylinder. We will specialy consider the confinement α = 2 for illustration but the same phenomena occur for α = 1.5 or α = 1.1. The results for different ξ (0.1, 0.6 and 0.9) are computed so as to investigate the influence of large displacements in regards to the radial clearance. For each case, the numerical results have been checked to be independent of mesh refinements. The time history of the integrated fluid forces obtained with CFD simulations are compared to those predicted by the Fritz model (which corresponds to the leading-order formula Eqn.(39)) and the second order model (given in Eqn. (41)). The force calculated for the three previous models are non dimensionalized by the maximum force obtained with the Fritz model (Eqn.(39)) and are presented in Fig. 4 for ξ = 0.1; 0.6; 0.9. For small amplitudes of the inner cylinder (ξ = 0.1), the fluid forces predicted by the Fritz model, the second order model and the numerical simulation are the same at each time. Increasing ξ, both the second order model and the numerical simulation predict bigger maximum forces than the Fritz model. However a net difference can be seen: the second order model is for each time bigger than the Fritz model, whereas numerical simulations predict smaller forces during parts of the motion. This behaviour is all the more pronounced as ξ tends to 1. For very small displacements, the Fritz model is sufficient to estimate the inviscid fluid forces. For larger ones (up to ξ = 0, 6), the second order model give an accurate upper bound of the fluid forces. For very high geometrical deformations (ξ = 0, 9) both the Fritz model and the second order one underestimate the fluid forces. 
VISCOUS PROBLEM IN INFINITE FLUID DOMAIN 3.1 Problem formulation
The method proposed here is to write a general formulation of forces for any small-amplitude motions imposed to the cylinder. This formulation will then be applied to the particular movement Eqn. (1) . This method consists of obtaining a general formulation of forces from a solution developed for an harmonic motion. In fact, a Fourier transform is applied on an harmonic solution to capture the wide frequency spectrum composing the transient motion. Then an inverse Fourier transform is applied on the previous expression to derive the solution in the temporal space. A review of literature [17] of fluid forces exerting on body subjected to small amplitude harmonic motions in an incompressible viscous fluid at rest allows to express the fluid forces in the form:
with M D = ρπR 2 1 is a displaced mass term, h and h are the coefficients depending on the pulsation ω and the kinematic viscosity ν. The first bracket is the pressure force and the second is the shear force. The following definition of the Fourier transform of a function f (t) is used [18] :
and the inverse transform is:
Applying these definitions to the formula Eqn. (42) gives:
and in going back in space temporal, an equation for an arbitrary movement is obtained:
with the inverses transforms h et h respectively to h et h , δ is the Dirac function and τ a variable. Now, it is necessary to search a solution in harmonic motion to achieve the inverse coefficients h and h . STOKES [19] writes the coefficients h and h under this following forms:
with λ = iω ν . K 1 and K 0 are related the Bessel modified of second species respectively to the order 1 and 0 [18] . However, it is difficult to find the inverse h and h because the relation 47 is complex. Indeed, it presents a singularity when λR 1 tends to zero and it is not possible to realize simply a FFT on this relation to obtain the inverses. An other solution is to obtain the inverses with a approach model. It exists the Rosenhead model [20] written under the form of successive approximation:
This model is close to the Stokes model for any value of the Stokes number [17] . The inverse transform of 1/ √ ω and 1/ω are respectively 1/ √ 2πt and 1 [18] . The relation Eqn.(46) takes then the following form:
The first term of pressure force is the displaced mass term. The second term of the pressure force and the first of the shear force is the history term and the last term of each forces is the drag term. This model will be called "general model". With the motion described in equation Eqn.(1), the general model is reduced to:
When β becomes very large, this model tends to the Fritz model validated for infinite domain.
Comparaison of the results with numerical simulations
These models are validated for any STOKES number, β = 10; 100; 20, 000 for low value of KC, (KC = 0.0005) respecting the small displacements assumption. The figure Fig. 5 presents respectively the force ϕ * in function of reduced time t * during and after the impulse with numerical simulation (CFD Model) and analytical formulation (general model). The forces ϕ * are non dimensionalized by the approached maximal force:
For any STOKES number, the CFD model and General model gives same results, less than 1%. For high STOKES number, the three models tend toward the same trend. The force is in proportion to the acceleration of the cylinder according the formula Eqn.(50). The fluid can hence be considered as inviscid. The viscous terms in Eqn.(50) are negligible in regards to the inertia term. For low value of STOKES number, the general and CFD models differs from the Fritz model. Indeed, the maxi- mum force of the two previous models are higher than the Fritz model, approximatively 2.5 more higher in considering the formula Eqn.(51). Moreover, the force for general and CFD models are not exactly proportional to the acceleration imposed to the cylinder. The force are not canceled with t * = 0.5 but for larger values and the positive maximum force | + ϕ * | are not always equal to the negative maximum force | − ϕ * | on the range of the Stokes number. Furthemore, it exists a residual force after the shock, i.e. for t * > 1 for general model and CFD model. These changes at low values of β are due to due the viscosity effects. Indeed, for small β numbers, the three terms of the equation (50) are in competition, especially between the inertia term and the history term. The drag term is a second order term, it does not bring further understanding of the solution. The history term permits to take into account the whole transitional stage of the movement in the calculation of the fluid force.
CONCLUSION
For a confined inviscid flow, extensions of the Fritz model are performed by taking advection terms and the geometrical deformations induced by the inner circular cylinder movement into account. Approximated analytical solutions are found with a regular expansion performed until the second order on a boundaryperturbation problem. The resulting fluid forces are then compared to numerical simulation predictions performed with a code able to take into account moving fluid domains. The second order model is shown to be more efficient than the Fritz model, specialy for high geometrical deformation. Nevertheless these two models are not able to reproduce strongly non linear potential effects found with the numerical simulations for high inner cylinder displacements.
In infinite fluid domain, an analytical model, called "general model" is proposed to take into account the viscous effect. These last is compared with success to the CFD simulations and shows discrepancies with Fritz model. For high Stokes numbers, these models tend to inviscid case whereas for small Stokes numbers, a general model and CFD simulations permit to highlight the history effect due the fluid viscous.
Future extensions of the presented work in the confined case would include viscous effects in order to characterize the damping term in the fluid forces like the infinite case. For the infinite fluid domain, an investigation would be performed for large displacement of the cylinder corresponding to high KeuleganCarpenter numbers to explore the non linear effect of advection.
